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Hydroynamics

Hydrodynamics (undergraduate version): Newton's
law for continuous, deformable media.




Fluids: Gases, liquids, plasmas, ...

Hydrodynamics (postmodern): Effective theory of
non-equilibrium long-wavelength, low-frequency dy-
namics of any many-body system.

non—-conserved conserve(
density /\ density
T ~ Tmicro T ~ A

T > Tomicro. Dynamics of conserved charges.

Water: (p, €, )



Fluid dynamic expansion

Gradient expansion for currents, e.g. II;; = II;;(p, v, T)
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property property
Consider mv L ~ h: Hydrodynamics requires n/(hn) < 1

“Nearly Perfect Fluid”



Non-relativistic fermions in unitarity limit

Consider simple square well potential

a <0 a=0o0,eg =10 a>0,eg >0



Non-relativistic fermions in unitarity limit

Now take the range to zero, keeping eg ~ 0

Universal relations
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Fermi gas at unitarity: Field Theory

Non-relativistic fermions at low momentum

v2

C
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Unitary limit: a - o0 (DR: Cy — o0)

This limit is smooth (HS-trafo, ¥ = (¢T7¢D

L=U"idy+ 03— | ¥+ (Vo Up+ h.c) — 9%,




Effective theories for fluids (Unitary Fermi Gas, T' > 1)




Effective theories (Strong coupling)

L = \io D))\——G“ G, +... & 8= d°x/—gR+ ...
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SO(d+ 2,2) — Schr(d) AdSg,5 — Schr?
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. Conformal fluid dynamics

Kinetic theory
Quantum field theory
Holography

Experiment: Cold Gases

Experiment: Quark Gluon Plasma



|. Scale invariant fluid dynamics

Consider a many body system with oy, ~ n=2/3

Systems remains hydrodynamic despite expansion



Conformal fluid dynamics: Symmetries

Galilean boost ¥ =7+ =t
Scale trafo 7 =e’F t = et
Conformal trafo o' = Z/(1 +ct) 1/t =1/t + ¢

|deal fluid dynamics
0 2
Hz’j = Péw + PUV;, P = §8
First order viscous hydrodynamics
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Son (2007)



Second order conformal hydrodynamics

Second order gradient corrections to stress tensor

g 92
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New transport coefficients 7., \;, ;

Can be written as a relaxation equation for 7 = §II%
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Chao, Schaefer (2011)



Why second order fluid dynamics?

Consider scaling (“Hubble”) expansion

p(xiyt) = po(bi(t)wi),  vi(z;,t) = a;(t)w;

Compare ideal and dissipative stresses

s1T
0WMIL; ~ nay
——
v(ideal stresses) ~ cy v(dissipative stresses) ~ oo.

Acausal behavior; hydro always breaks down in the dilute corona.

Solved by relaxation time 7, ~ 2.



Beyond gradients: Hydrodynamic fluctuations

Hydrodynamic variables fluctuate

(5v3(, £)0v; (2!, 1)) = %52-:,.5(33 o

_(57»3 — ]%ZIACJ) shear
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Hydro Loops: “Breakdown™ of second order hydro

Correlation function in hydrodynamics

G = ({IT, T} = 3 {{vavy, 020y Pk

U (9 U

Match to response function in w — 0 (Kubo) limit

G =P+ 0P —iw[n+dn| + w? NTr 4+ 6(N7x)]

mer () () s ()



Hydro Loops: “Breakdown” of second order hydro

mr () (5) e ()

Small shear viscosity enhances fluctuation corrections.

Small 7 leads to large d77: There must be a bound on 7/n.

Relaxation time diverges: 2nd order hydro without fluctuations

Inconsistent.



Fluctuation induced bound on /s

nw)/s \ fluctuations

spectral function

non-analytic \/w term

Schaefer, Chafin (2012), see also Kovtun, Moore, Romatschke (2011)



Il. Linear response and kinetic theory

Consider background metric g;;(t,x) = d;; + hi;(t,x). Linear response
y 1 .
oY = —§nglhkl

1
Kubo relation: n(w) = —ImG%"?(w, 0)
w

Kinetic theory: Boltzmann equation

(8 pt 0

a—l_gé’xi m

Clf] = ><

Solve order-by-order in Knudsen number Kn = 1,5,/ L

N



Kinetic theory: Knudsen expansion

Chapman-Enskog expansion f = fo+0f1 +dfs + ...
Gradient exp. §f, = O(V"™) = Knudsen exp. §f, = O(Kn")

First order result Bruun, Smith (2005)
g g 15
SOOIV — —not n = (mT)3/2
324/
SeCOHd Order I’eSU|t Chao, Schaefer (2012), Schaefer (2014)
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Bulk viscosity and conformal symmetry breaking

Conformal symmetry breaking (thermodynamics)

28 {Oc) 1 3 A
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How does this translate into ( # 07 Momentum dependent m™*(p).

T
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lIl. Quantum Field Theory

The diagrammatic content of the Boltzmann equation is known: Kubo
formula with “Maki-Thompson” 4+ “Azlamov-Larkin” + “Self-energy”
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Can be used to extrapolate Boltzmann result to T' ~ 1w
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Enss, Zwerger (2011)



Short time behavior: OPE
Operator product expansion (OPE)

O, _
§w) = 3 O 0u M) = A0, (1)

n

Leading operator: Contact density (Tan)
Oc = CapypTypl = T Ap =4
n(w) ~ (O¢)/+/w. Asymptotic behavior 4+ analyticity gives sum rule

e - ] -

Randeria, Taylor (2010), Enss, Zwerger (2011), Hoffman (2013)




IVV. Holography

DLCQ idea: Light cone compactification of relativistic theory in d+2

pi _ 2n+1
P+ = T

2
pup" =2pip_ —p] =0 p_ =
. 2p+

Galilean invariant theory in d+1 dimensions.

String theory embedding: Null Melvin Twist

AdS g3 ML s chr?l

Iso(AdSyy3) = SO(d+2,2) D Schr(d)

Son (2008), Balasubramanian et al. (2008)

Other ideas: Horava-Lifshitz (Karch, 2013)



Schrodinger Metric

Coordinates (u, v, &, r), periodic in v, ¥ = (z,y)

o 17 1—f(r) 2 Lo 1
ds _k(r)2/3{[ e —r f(fr)] du* + r4+ dv® — [1+ f(r)] duva

+ k(?“)l/3 {r2 dz? + TZd;(Zr) }

Fluctuations dg¥ = e~y (w,r) satisfy (u = (ry/r)?)

L+’ "(w,u) + -
Fluyu ™ Fu)?

Retarded correlation function

_ Bridv f(u)x/(w,u)
Gr(w) = A7 G5, ux(w,u)

o2y (w, u) = 0

)(//((/u7 u) L

u—0

Adams et al. (2008), Herzog et al. (2008)



Spectral function

R n(w — 00) ~ w'/?
w/(wT)
Relaxation time: Gr(w) = P —inw + T,nw? + krk?
log(2 2 — log(2
Tl = — 05(2) AdSs . ;T = 05(2)
27 2T

Schaefer (2014), BRSSS (2008)



Quasi-normal
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QNM's are stable, Im A < 0. Schrodinger metric has unpaired

eigenvalues, similar to relaxation time Boltzmann.

Schaefer (2014), Starinets (2002)



V. Experiments: Flow and Collective Modes

Hydrodynamic
expansion converts
coordinate space
anisotropy

to momentum space
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O'Hara et al. (2002)
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Aspect Ratio

1.5+
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Elliptic flow: High T limit

(mT)B/Q
h2

Quantum viscosity n = ng

Cao et al., Science (2010)
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fit: mg = 0.33 £0.04

theory: ng = 321\5/% = 0.26



Elliptic flow: Freezeout?

switch from hydro to (weakly collisional) kinetics

at scale factor bff =1,5,10, 20
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no freezeout seen in the data




Viscosity to entropy density ratio

consider both collective modes (low T)
and elliptic flow (high T)

10
0.8 m %&%#4
0.6 = %{
8 - i
0.4 = i‘i ]
0.2= '_ ___________ @
6 = 00 T T T T 1 i
N 06 07 08 08 10 11
—~
—
4 H
x
2 - iy
el B
W o
L 3
o
1 1 | 1 1
1 2 3 4 5
E/E,

Cao et al., Science (2010)




Viscosity to entropy density ratio (recent update)
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in superfluid phase near T,

Joseph et al. (2014)



VI. Viscosity and Elliptic Flow in the QGP

Viscous correction to vy (blast wave
model)

Svg 11 (n) pi\”
(0 B 37‘fo S Tf

Grows with p |, decreases with sys-

tem size

25

20

Romatschke (2007), Teaney (2003)

Many uncertainties: 1) Initial conditions? 2) n(T, u1)?

3) How peripheral, small, low energy can we go? 4) ((7T, u)?

Conservative bound

T < 0.25

S



Frontier |: Initial conditions & higher moments of flow

Hydro converts moments of initial deformation to moments of flow
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Glauber predicts flat initial spectrum (n > 3). Observed flow spectrum
consistent with sound attenuation
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Frontier II: Everything flows (even p+Pb)

Signatures of collectivity in p+Pb collisions.
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Consistent with AA data for conformal hydro scaling
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Knudsen scaling: Compare pPb and PbPb

............................................

blue circles: (v3{2}(pr/K))pbpb
red triangles: (v3{2}(p7))ppo
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Teaney, Basar (2014)



Lessons & Outlook

Experiment: Main issue is temperature, density dependence
of n/s. How to unfold?

Need hydro codes that exit “gracefully” (LBE, anisotropic hy-
dro, hydro+cascade)

Quasi-particles vs quasi-normal modes (kinetics vs hologra-
phy) unresolved. Need better holographic models, improved

lattice calculations.

Can we observe breaking of scale invariance and the return of
bulk viscosity away from unitarity? Can we measure 1 and (3

in the superfluid phase?



