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Why consider critical bulk viscosity?

Model H predictions1 (scaling with correlation length)

η ∼ ξ0.05 , κ ∼ ξ0.9 , ζ ∼ ξ2.8 .

Even modest values of ζ/s lead to large effects in RHICs
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Backreaction: How do critical fluctuation contribute to equilibrium

pressure? Replace ζ ∼ ξxζ estimates by ζ ≤ f(ξ/ξ0) constraints.

1 Hohenberg, Halperin (1977); Kadanoff, Swift (1968); Onuki (1997)



Strategy

Consider an Ising-like system. Fluctuations governed by an entropy

functional

Prob[ψ, ε] ∼ exp(S[ψ, ε]) S =

∫
d3x s(ψ, ε)

energy density ε, order parameter ψ

Conjugate variables

xA = (ε, ψ) XA = − ∂s

∂xA
= (r, h)

reduced temperature r, magnetic field h

QCD: Canonical pair

xa = (e, n) Xa = (−β, βµ)

energy density e, baryon density n

inverse temperature β, chemical potential µ



Strategy, continued

Fluctuations in the pressure

δP =
e+ P

β

∂s

∂(δe)
− n

β

∂s

∂(δn)

Map QCD densities xa onto Ising densities xA

xA = xA(xb) RAb =
∂xA

∂xb
induces : R̄bA =

∂XA

∂Xb
RAb R̄

b
C = δAC

Typical assumption:

r ∼ µ, h ∼ T
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Mapping the Ising EOS to QCD

Map QCD variables on

Ising equation of state

F (h, t)

Ising QCD

map

R̄ a
A

R A
a

h

r

ψ

ǫ

βµ

β

e

n

XA = (r, h)

xA = (ǫ, ψ)

Xa = (−β, βµ)

xa = (e, n)

XA = − ∂s
∂xA

RAb R̄
b
C = δAC



Strategy, continued

Express fluctuation in pressure in terms of Ising entropy

δP =
e+ P

β
Rψe

∂sIs

∂ψ
− n

β
Rεn

∂sIs

∂ε

Main term :
∂sIs

∂ε
∼ γψ2

This coupling generates (Kubo relation)

ζ ∼ βV
∫
dt 〈δP (0)δP (t)〉 ∼ βV (γnTRεn)2

∫
dt 〈ψ2(0)ψ2(t)〉

Slow order parameter relaxation → large bulk viscosity



Tri-linear coupling s ∼ γεψ2

Consider entropy functional

S[ψ, ε] = −
∫
d3x

{
κ(∇ψ)2 +

v

2
ψ2 +

u

4
ψ4 + γεψ2 +

1

2C0
ε2
}

+ S0 +
E

T0

Legendre transform to obtain Gibbs free energy

βG[ψ, t] =

∫
d3x

{
κ(∇ψ)2 +

ṽ

2
ψ2 +

ũ

4
ψ4

}

ṽ = v + 2γC0
T − T0
T 2
0

Need γ 6= 0 to have a transition.



Order parameter relaxation rate

Consider diffusive relaxation (model B)

∂ψ

∂t
= λ0∇2 δG

δψ
+ Θ

〈Θ(x, t)Θ(0, 0)〉 = −2λ0Tδ
3(x)δ(t)

Retarded correlation function

∆R(ω, k) = χk
Γk

−iω + Γk

Relaxation rate and susceptibility

Γk = λ0χ
−1
k k2 χk =

ξ2

1 + (kξ)2

Bulk viscosity

ζ ∼ (γnTRεn)2
∫
d3k

2Tχ2
k

−iω + 2Γk

∣∣∣∣
ω→0

∼ (γnTRεn)2ξ5



Refinements: Equation of State

Parotto et al. write S(e, n) = Sreg(e, n) +AScrit(e, n). Taylor expand

regular part (constrained by lattice), linear map to Ising

T − Tc
Tc

= w̄ (rρ̄ sinα1 + h sinα2)

µ− µc
Tc

= w̄ (−rρ̄ cosα1 − h cosα2)

Critical Gibbs Free Energy (Zinn-Justin parameterization)

G[ψ, r] = h0M0R
2−αg(θ)

ψ = M0R
βθ r = R(1− θ2)

magnetic EOS

h = h0R
βδh̃(θ)

θ ∈ [−θ0, θ0] h̃(θ0) = 0
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Critical equation of state for QCD

Baryon density, compressibility, speed of sound.

Parotto et al. (2018)



Refinements, continued

Tri-linear coupling in critical Ising equation of state

γ± =

 0.43 r1−2β r > 0

1.10 |r|1−2β r < 0

Coupling stronger in first order regime; critical exponent 1− 2β ' 0.54.

Result consistent with

diagrammatic analysis.
dγ

d log ξ ∼
�

Halperin, Hohenberg, Ma (1974)

Parotto et al. map corresponds to

Rεn =
ρ̄w̄

A
cosα1 '

ρ̄w̄

A



Refinements: Model H

Order parameter ψ ∼ s/n coupled to momentum density ~π

∂ψ

∂t
= ~π · ~∇ψ + . . .
�

ψ

π

Order parameter relaxation rate governed by (non-critical) shear viscosity

(“Kawasaki approximation”).

Γk =
Tξ−3

6πη0
K(kξ) K(x) =

3

4

[
1 + x2 +

(
x3 + x−1

)
arctan(x)

]
.

Order parameter susceptibility

χk =
χ0

1 + (kξ)2−η
χ0 = χ2

0(χ/χ0)2−η

Define bare correlation length by sξ30 ≡ 1



Critical contribution to bulk viscosity

ζ

s
=
(n
s

)2
(γ±R

ε
n)2(Tt0)

1

2π2

(
4π

s/η

)(
ξ

ξ0

)z−α/ν
z ' 3 dynamical critical exponent, α/ν small.

(n/s)2 � 1 related to orientation of Ising axes.

Amplitude ratio (γ−/γ+)2 ' 6.

First order regime: ζ ' 5 · 10−4(ξ/ξ0)3

See also Stephanov & Yin 1712.10305, An et al. 1912.13456



The role of the Ising Map
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ζ

s
= sin2(α1)

(
4π

s/η

)(
ξ

ξ0

)3
 3.4 · 10−2 r > 0

2.2 · 10−1 r < 0
sin2(α1) ' 1/4



Bulk pressure response function

Consider response function

∆P (t) =

∫ t

dt′G(t− t′)(~∇ · ~u)(t′) ,

G(t) = c

∫
d3k

(2π)3
2Tχ2

k exp (−2Γkt)
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Summary

Critical bulk viscosity suppressed by (n/s)2 and amplitude ratio.

Result sensitive to orientation of Ising axes. “Non-standard” ori-

entation leads to ζcrit ∼ η0 for ξ >∼ 2ξ0.

Very slow relaxation of bulk pressure near Tc.



Outlook:

Observing fluctuation effects in transport properties



Fluctuation induced bound on η/s
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Schaefer, Chafin (2012), see also Kovtun, Moore, Romatschke (2011)



Fluctuation induced bound on ζ/s

(Detuned) Unitary Fermi Gas Quark Gluon Plasma
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See also Kovtun, Yaffe (2003)



Critical transport (liquid-gas endpoint in helium)

Agosta, Wang, Meyer (1987)

More dramatic enhancement in thermal conductivity and bulk viscosity (sound attenuation)



Critical sound attenuation (liquid-gas endpoint in helium)

Kogan, Meyer (1998)

Sound attenuation dominated by bulk viscosity



Lambda transition in ultracold Fermi gas

T/T_F

Ku et al. (2011). Critical behavior also seen in compressibility.

Dashed black line: Tc ; black line: background fit; dashed blue: critical fit; green line: finite resolution effects.



Sound attenuation across lambda transition

Patel et al. (2019). No critical effects seen in sound attenuation.

Dashed black line: Tc ; black line: background fit; dashed blue: critical fit; green line: finite resolution effects.


