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High Density Quark Matter

Goal: What is the densest (2nd densest, 3rd densest, . . .)

phase of (three flavor) quark matter?

What are the properties (thermodynamics, transport, . . .) of

these phases?

Are these properties consistent with observational con-

straints? Do they provide unique signatures?

Strategy: Weak coupling/effective field theory methods.
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Very Dense Matter: Effective Field Theories
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High Density Effective Theory

Effective field theory on v-patches

ψv± = e−iµv·x

(

1 ± ~α · ~v
2

)

ψ

p = l+lv+µv

v’

Effective lagrangian for p0 < m

L = ψ†
v

(

iv ·D − D2
⊥

2µ

)

ψv + L4f − 1

4
Ga

µνG
a
µν + LHDL

LHDL = −m
2

2

∑

v

Ga
µα

vαvβ

(v ·D)2
Gb

µβ
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Non-Fermi Liquid Expansion

Scale momenta (k0, k||, k⊥) → (sk0, s
2/3k||, s

1/3k⊥)

[ψ] = 5/6 [Ai] = 5/6 [S] = [D] = 0

Scaling behavior of vertices

s1/6 s1/2 s5/6 s

Systematic expansion in ε1/3 ≡ (ω/m)1/3
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Vertex Corrections, Migdal’s Theorem

Corrections to quark gluon vertex

+ + ∼ gv(1 +O(ε1/3))

Analogous to electron-phonon coupling

Can this fail? Yes, if external momenta fail to satisfy p⊥ À p0

�� � � � ��� ��

=
eg2

9π2
vµ log (ε)
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Superconductivity

Same phenomenon occurs in anomalous self energy

=
g2

18π2

∫

dq0 log

(

ΛBCS

|p0 − q0|

)

∆(q0)
√

q20 + ∆(q0)2

ΛBCS = 256π4g−5µ determined by electric exchanges

Have to sum all planar diagrams, non-planar suppressed by ε1/3

+ +

Solution at next-to-leading order (includes normal self energy)

∆0 = 2ΛBCS exp

(

−π
2 + 4

8

)

exp

(

− 3π2

√
2g

)

∆0 ∼ 50 MeV
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Nf = 3: CFL Phase

Consider Nf = 3 (mi = 0)

〈qa
i q

b
j〉 = φ εabIεijI

〈ud〉 = 〈us〉 = 〈ds〉
〈rb〉 = 〈rg〉 = 〈bg〉

Symmetry breaking pattern:

SU(3)L × SU(3)R × [SU(3)]C

× U(1) → SU(3)C+F

All quarks and gluons acquire a gap

[8] + [1] fermions, Q integer

F
LL C C F

R R

<q  q  > <q  q  >
L L R R

... have to rotate right

flavor also !

Rotate left flavor Compensate by rotating

color

〈ψLψL〉 = −〈ψRψR〉
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Towards the real world: Non-zero strange quark mass

Have ms > mu,md: Unequal Fermi surfaces

δpF
δpF ' m2

s

2pF

Also: If ps
F < pu,d

F have unequal densities

Charge neutrality not automatic

Strategy

Consider Nf = 3 at µÀ ΛQCD (CFL phase)

Study response to ms 6= 0

Constrained by chiral symmetry
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Mass Terms: Match HDET to QCD

L = ψ†
R

MM†

2µ
ψR + ψ†

L

M†M

2µ
ψL

+
V 0

M

µ2
(ψ†

RMλaψL)(ψ†
RMλaψL)

� �

�

� � �

� ���

� � � �

�
�

�
�

�

�
�

�
�

�
�

� � � �

mass corrections to FL parameters µ̂L,R and V 0(RR→ LL)
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EFT in the CFL Phase

Consider HDET with a CFL gap term

L = Tr
(

ψ†
L(iv ·D)ψL

)

+
∆

2

{

Tr
(

X†ψLX
†ψL

)

− κ
[

Tr
(

X†ψL

)]2
}

+ (L↔ R,X ↔ Y )

ψL → LψLC
T , X → LXCT , 〈X〉 = 〈Y 〉 = 11

Quark loops generate a kinetic term for X,Y

Integrate out gluons, identify low energy fields (ξ = Σ1/2)

Σ = XY †

[8]+[1] GBs

NL = ξ(ψLX
†)ξ†

[8]+[1] Baryons
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Effective theory: (CFL) baryon chiral perturbation theory

L =
f2

π

4

{

Tr
(

∇0Σ∇0Σ
†
)

− v2
πTr

(

∇iΣ∇iΣ
†
)}

+A
{

[Tr (MΣ)]
2 − Tr (MΣMΣ) + h.c.

}

+ Tr
(

N†ivµDµN
)

−DTr
(

N†vµγ5 {Aµ, N}
)

− FTr
(

N†vµγ5 [Aµ, N ]
)

+
∆

2

{

Tr (NN) − [Tr (N)]
2
}

∇0Σ = ∂0Σ + iµ̂LΣ − iΣµ̂R

DµN = ∂µN + i[Vµ, N ]

f2
π =

21 − 8 log 2

18

µ2

2π2
v2

π =
1

3
A =

3∆2

4π2
D = F =

1

2
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Phase Structure and Spectrum

Phase structure determined by effective potential

V (Σ) =
f2

π

2
Tr
(

µ̂LΣµ̂RΣ†
)

−ATr(MΣ†) −B1

[

Tr(MΣ†)
]2

+ . . .

V (Σ0) ≡ min

Fermion spectrum determined by

L = Tr
(

N†ivµDµN
)

+ Tr
(

N†γ5ρAN
)

+
∆

2

{

Tr (NN) − [Tr (N)]
2
}

,

ρV,A =
1

2

{

ξµ̂Lξ
† ± ξ†µ̂Rξ

}

ξ =
√

Σ0
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Phase Structure of CFL Phase

ms
*

m*

CFL K0

η η+K0

ms
*

m*
mcrit

s ∼ 3.03m
1/3

d ∆2/3

m∗ ∼ 0.017α4/3
s ∆

QCD realization of s-wave meson condensation

Driven by strangeness oversaturation of CFL state
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Fermion Spectrum
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mcrit
s ∼ (8µ∆/3)1/2

gapless fermion modes (gCFLK)

(chromomagnetic) instabilities ?
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Instabilities

Consider meson current

Σ(x) = UY (x)ΣKUY (x)† UY (x) = exp(iφK(x)λ8)

~V(x) =
~∇φK

4
(−2Î3 + 3Ŷ ) ~A(x) = ~∇φK(eiφK û+ + e−iφK û−)

Gradient energy

E =
f2

π

2
v2

π
2
K ~k = ~∇φK

Fermion spectrum

ωl = ∆ +
l2

2∆
− 4µs

3
− 1

4
~v · ~K

E =
µ2

2π2

∫

dl

∫

dΩ̂ ωlΘ(−ωl) j

Ω
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Energy Functional
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∆

∣

∣

∣

∣

crit

= acrit
K
∆

= ccrit

current strongly suppressed by electric charge neutrality

m2
s ∼ 2µ∆: multiple currents? crystalline state?
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Transport Properties

Dissipative Terms

Ė = −η
2

∫

d3x

(

∂ivj + ∂jvi −
2

3
δij∂kvk

)2

−ζ
∫

d3x
(

∂ivi

)2 − κ

T

∫

d3x
(

∂iT
)2

Relevant to r-mode damping

Neutrino emissivity

εν =
dEν

dtd3x

Relevant to cooling (together with κ, cv)
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Umpaired Quark Matter

κ ' 0.5
m2

D

α2
s

Non-FLT

η ' 4.4 × 10−3 µ
4m

2/3

D

α2
sT

5/3
Non-FLT

ζ ' αT 2

ω2 + βT 4
(α, β1/2 ∼ G2

F ) QURCA

εν ' 457

630
αsG

2
FT

6µeµuµd FLT, Non-FLT
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CFL Quark Matter

η = 1.3 × 10−4 µ
8

T 5
phonons

ζ = 0.011
M4

s

T
phonons

ζ =
CγK

ω2 + γ2
K

(γK ∼ G2
F f

2
K) weak kaon decay

επ ∼ AG2
F f

2
πm

2
πnπ

pion (kaon) decay

κ '?
phonons, kaons
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Summary

Systematic weak coupling expansion for ∆/mD, δµ/mD, T/MD ¿ 1.

(Non-Fermi Liquid Regime)

∆ > δµ, . . .: Color-flavor-locked (CFL) phase

Regime ∆ ∼ δµ is complicated

Chiral symmetry breaking, s and p-wave meson condensation

Issues not covered in this talk: Transition to nuclear matter, nuclear

exotics, etc.

Constraints from compact star phenomenology

22


