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Density Functional Theory

The quantum many-body problem: Solve

Hy(ri,ro,...,rN) = EY(ri,r2,...,TN)

Difficulty grows very quickly with N

Energy Density Functional £|p(r)]: Solve

6&[p(r)]
op(r)

Effective 1-body problem

=0 /d3rp(r):N

Hohenberg-Kohn showed that £[p(r)] exists, but they did not provide a
practical way to construct it.



DFT and the nuclear landscape

Nuclear Landscape

Ab Initio
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Traditional Approach
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Modern Approach: From EFT to DFT
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DFT from a QFT perspective

Consider a non-relativistic field theory

- [vi@ (i00-+ ) @)+ [ @@V - ) @)

Generating functional W |j| = log Z|j]

= [ Dunut exp (is i [ wivieie)

pla) = (0 w(a)) = ST
Consider Legendre transform
Clpla)] = Wlite)) - [ pla) ) = 25 0

Groundstate: Current vanishes and E[p(x)| = T T'[p(x)]
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DFT and perturbative QFT

Consider a perturbative interaction
V(e —y) = o(z—y)

Zeroth order: Free field theory in the presence of a source

2

Wj(x)] = log det (i@o + QV—M + j(x) + Uext(ilj))

Determinant can be computed in terms of Fermion orbitals

2
(v— + 'Uea:t(aj)> % — 67;%'

2M
E=Ya )= Wlvi(x)
€;<<€EF €;<<€EF

DFT with auxiliary Fermion orbitals: Kohn-Sham theory
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DFT and perturbative QFT

First order correction

OO [1lp] = C:f/dg p(x)]?

Second order correction

Non-local

Density matrix expansion



DFT in Nuclear Physics: Problems

Interactions are non-perturbative
Scattering length large, strong tensor force
Interactions are not local
pion exchanges
Broken Symmetries
Translations, rotations, particle number
Nuclei are self-bound

No external potential, intrinsic density needed

Here: Study role of large scattering length



Designer Fluids

Atomic gas with two spin states: “]" and “|”

closed ’

" -
r -2000} ]
open
- . . Iy .
W =0 5 %0

B (gauss)

scattering length (a,)

Feshbach resonance

“Unitarity” limit a — oo L2

10



Universality
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Effective Field Theory

Effective field theory for pointlike, non-relativistic neutrons

V? 2
Lo = 01 (1004 507 )0 = W00+ 22 [00) (0 ¥)+he] +

Match to effective range expansion
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Unitarity limit: Cy — o0, Cy — 0

12



Effective Low Energy Lagrangian

Superfluid phase: Response governed by Goldstone boson

P = e (Pih)

Effective Lagrangian

L= £ ((9op)® — (Vo)) + ...

Higher orders? Need to incorporate symmetry constraints:

U(1) symmetry, Gallilean invariance, conformal symmetry

Strategy: Promote U(1) and Galilean invariane to local symmetries
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Effective Lagrangian

Leading order

=7 )2
Ly = cOm3/2X5/2 X =p—Ag— ¢ — (Vo)
2m
15 3/2,,1/2 2
Check : £y = COmS a (const + (Ogp)? — 3—:;(Vg&)2 + ...

Next-to-leading order
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Density Functional

Construct energy functional £n(x)] = pun(x) — Plp — Ap(z)]

3. 22/3

E(x) =n(x)Ao(x) + n(z)%/3
(£) = n(a)Aole) + (s
4 2¢1 + 9¢o (Vn(z))® 12 ¢ _,
45  mcy n(x) 5 mc()v nz)+ ...

Non-perturbative physics in ¢y, c1,¢a, ...

co Equation of state, c¢; 2 phonon dispersion relation

Many body physics: Use epsilon (e = d — 4) expansion
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Upper and lower critical dimension

Zero energy bound state for arbitrary d

d—1

r

W)+ =) =0 (> 7o)

d=2: Arbitrarily weak attractive = d=4: Bound state wave function

potential has a bound state ) ~ 1/r9=2. Pairs do not overlap
f M
T B T B

Conclude &£(d=3) ~ 1/27
Try expansion around d =4 or d = 27

Nussinov & Nussinov (2004)
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Epsilon Expansion

EFT version: Compute scattering amplitude (d = 4 — ¢)

OO O = Bl

1 —d/2 1-d/2 82 '
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Weakly interacting bosons and fermions
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Epsilon Expansion

Effective lagrangian for atoms ¥ = (wT,wlL) and dimers ¢

)\If 4 Ut s + Ulo, U+ hec.

Perturbative expansion: ¢ = ¢y + go. Free part

—

i; 2 oo Vo
L:():\If [280+03%+¢0(0'+—|—0'_)}\P—|—90 (Z@Q‘FR)QO
Interacting part (g%, u = O(¢))

LV
L= g(\IJT0+\I/gp + h.c) + T o U —gf (280 + E)gp

Nishida & Son (2006)
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Matching Calculations

Effective potential

OO0 rwmm
O(1) O(1) O(e)

Phonon Propagator
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Matching (continued)

Static susceptibility x(q) = [ d3z e ® ({pTep(x)1pT1)(0))

O wC>MHC>W><<Q> = X(0)

20

{1—#(%)+...

Nishida, Son (2007)

Rupak, Schaefer (2008)



Density Functional

Unitarity Limit

E(x) = n(x)Ao(x) + 1.364 ”(525/3 +0.032 (Yn%z)f +O(V*n)
Etrap = - Of?%(sN)‘l/S (1 + (3]3[.)42 5t )
Free Fermions
E(x) = n(x)Ao(z) +2.871 ”(25/3 +0.014 (anr;(g))z +0.167 VZ(QJ)

1 0.5
Eirap = Zw(SN)4/3 (1 e BN + .. >
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Comparison to Data
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Outlook

Kohn Sham theory at unitarity?
Asymptotic behavior (N~1/3 ?)
Superfluid density functional?

Perturbative pions, range corrections?
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