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Non-relativistic fermions in unitarity limit

Two body interaction: Consider simple square well potential

a <0 a =00, eg =0 a>0,eg >0



Non-relativistic fermions in unitarity limit

Now take the range to zero, keeping eg >~ 0

Universal relations
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Feshbach resonances

Atomic gas with two spin states: “1" and “]”
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Fermi Gas at Unitarity: Field Theory

Non-relativistic fermions at low momentum

Log = ! (iao v )¢ - —WW)

Unitary limit: a — o0 (DR: Cy — o0)

This limit is smooth (HS-trafo, ¥ = (ZDTJDD
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¢ ~ Py auxiliary “pair’ or “dimer” field.



Equation of state

Free fermi gas at zero temperature
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= £ = E/V ~ (N/V)3

Unitarity limit (¢ — oo, » — 0). No expansion parameters.

E 3 k%
fg% IZCF — (37T2N/V)1/3

Prize problem (George Bertsch, 1998): Determine &.

Is £ > 0 (is the system stable)?



How to measure & with trapped atoms

Trapped gas in hydrostatic equilibrium

1> - 2
—VP = _vvext P==£
n 3

Pressure determines size of the cloud (V. = %muﬂ %),

r(a = 0) = \/iif; ra = 00) = EV47(0)

Cloud size can be measured with a CCD camera and a ruler

modern value
¢ =0.37(5)
(MIT, Sommer et al.)




Neutron matter equation of state

T T | T T T T | T T T T
_ pum Neutron matter  (N°LO)

20
- ——- Unitary Fermi gas £=0.37

15

E/N [MeV]

10

n [fm™]

n < 0.1fm™?: Unitary gas n > 0.1fm °: Repulsive
with a1, r corrections. 2-body, 3-body forces.

n > 0.2fm™*: New degrees of freedom.



Outline

1. Transport coefficients: Theory
2. Transport: Viscosity from elliptic flow.

3. Transport: Linear response and small systems.

4. Qutlook: External fields, OTQOCs, etc.



1. Fluid dynamics

Simple fluid: Conservation laws for mass, energy, momentum

op = o€ =

— + Vj? = — +V7°=0

or V7 or
37'('@' R = =
5 + V,1I; =0 P=pr=m7

Scale invariance: ldeal fluid dynamics
2
H'(L')j = Pg@J -+ PU;V;, P = gg

First order viscous hydrodynamics

SWWIL; = —noij — Cgij{o) ¢ =0

2
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Microscopic Theory

P = P(&) fixed by conformal symmetry. P(u,T) = Pyf(T /)
can be computed from euclidean data

P=logZ(u,T) Z= / Dy Dyle
But: Transport coefficients determined by Kubo relations

1 .
n=—lim —Im [ dtd* e @) Q(4)([IL,, (0), L, (¢, z)])

w—0 W

Requires real time data.



Kinetic theory

Microscopic picture: Quasi-particle distribution function f,(x,1)

p(a,t) :/dfpmfp(x,t) mi(x, 1) :/drppifp(wvt)

Hij (513, t) = /de pz"Ujfp(CC, t)
Boltzmann equation

o p 0 i O _
(E Tmae 0—pi) et = U1

Clfl =

Solve order-by-order in Knudsen number Kn = l,,f,/L



Kinetic theory: Knudsen expansion

Chapman-Enskog expansion f = fo +0f1 +d0fo+ ...

Gradient exp. 6 f, = O(V")
= Knudsen exp. §f, = O(Kn") -~

First order result Bruun, Smith (2005)
SOOTL: = —poys oW = —pV,T N —2 (T2 k= Zepn
+ Y ’ ‘ 32/ 3
Second order result Chao, Schaefer (2012), Schaefer (2014)
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relaxation time 7, =1n/P



Frequency dependence, breakdown of kinetic theory

Consider harmonic perturbation hxye_WH"k’*’”. Use schematic collision

term C[f0 + 61, = —6£,/70.

1 — WPz Uy

dfp(w, k) =

: I hay
2T —jw+iv-k+7, 00"

Leads to Lorentzian line shape of transport peak

1(0)
W] =
n(w) 1 4+ w?7g
1 18T : :
Pole at w = — = —— controls range of convergence of gradient expansion.
70 Ui

High frequency behavior misses short range correlations for w > T'.



Quantum Field Theory

The diagrammatic content of the Boltzmann equation is known: Kubo
formula with “Maki-Thompson” + “Azlamov-Larkin” + “Self-energy”
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Limits subtle (w — 0 and nA?* — 0 don't commute). Can be used to
extrapolate Boltzmann result to T' ~ T'p
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Enss, Zwerger (2011), see also Levin (2014)



Short time behavior: OPE
Operator product expansion (OPE)

O, _
nw) =30 A 0L ) = A0, (k)

n

Leading operator: Contact density (Tan)
Oc = Ciyyyty’ = 20T Ap =14

n(w) ~ (O¢)/+/w. Asymptotic behavior + analyticity gives sum rule

%/dw [n(w) B 15;0\/67% :g

Randeria, Taylor (2010), Enss, Zwerger (2011), Hoffman (2013)




2. Elliptic flow in the unitary Fermi gas

Hydrodynamic
expansion converts
coordinate space
anisotropy
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O’Hara et al. (2002)



Determination of n(n,T)

Measurement of Ag(t, Ey) determines n(n,T). But:

Fluid dynamics breaks
L i down in the dilute corona.
Causes large artifacts.

Not a fundamental

problem. Corona
///uB rL_O'LJ e — .
Qoo e T o) described by Boltzmann
pY . . .
gmﬂz wwé[/’o) equation near ballistic

limit.



Possible Solutions

Combine hydrodynamics & Boltzmann equation. Not straightforward.

Hydrodynamics + non-hydro degrees of freedom (&,; a = x, vy, 2)

0, = .. AP,
ot Ve = 2T

% =0 =) &

AP, =P, —P

ot
7 small: Fast relaxation to Navier-Stokes with 7 =n/P
7 large: Additional conservation laws. Ballistic expansion.

Can be derived from kinetics with strongly anisotropic distribution
functions, “A-Hydro"



Anisotropic Hydrodynamics: Comparison with Boltzmann

Aspect ratio Agr(t) = ((r?)/(r2))1/2 (T/Tr =0.79,1.11,1.54)

z

Dots: Two-body Boltzmann equation with full collision kernel

Lines: Anisotropic hydro with 7 fixed by Chapman-Enskog

High temperature (dilute) limit: Perfect agreement!

Boltzmann, Pantel et al (2015); AVH1 hydro code, M. Bluhm & T.S. (2015)



Elliptic flow: High T limit

(mT)3/2
h2

Quantum viscosity 1 = ng

Cao et al., Science (2010)

Bluhm et al., PRL (2016)

T/Tp = 0.79,1.11, 1.54

2 4 6 8 10 12
t[a]

fit: ng = 0.28 £ 0.02

theory: ng = 3213? = 0.269

Analysis based on AHydro method.



Fluid dynamics analysis: Lower temperatures

1450:
145}F

140

Ag(t)

135

AR = og /oy as function of total energy. Data: Joseph et al (2016). E /(N E ) ~ 0.6 is the superfluid transition.

Grey, Blue, Green: LO, NLO, NNLO fit.

N = 770(777JT)3/2 {1 + 772%)\3 + 773(77)\3)2 + .. }



Reconstruct 77/s (normal fluid)

101
08

Consistency check: T' > T,

0.6

2 nlrsr. = (0.265 4 0.02)(mT)3/>
0.4:- 15
02 th — — 0269
- molth) = 357~

T/Tg
Te ~ 0.17Tp. Kinetic theory at low and high T (blue dashed)

Phenomenology (normal phase): Two-term virial expansion works well
n ~ no(mT)>? + m hn

n/s|p. = 0.56 £0.20

Also find: n/n|p, = 0.41 £ 0.15and 1 = 0.25 £ 0.07



Superfluid hydrodynamics

Spontaneous symmetry breaking: (U) = vge®.

Goldstone boson is a new hydro mode: v, = % Y

ap — — —
P = Pn+ Ps pn—ZW W = Up — Us
W,
Stress tensor and energy current
Iij = Pij+ pnon,iVnj + PsUsiVs,;

1
7€ = ST, + (us + ivg) 7 pn O - 0



Superfluid hydrodynamics

Dissipative stresses

2 >
51_[2']' = —n (v,ﬂ)n,j + vjvn,z’ — géwv . 7771)

— 04 (Clﬁ (ps (Ts — Un)) + (2 (6 : ’17n) )
Equation of motions for vs: 05+ 2V (v2) = =V (us + H) with
H = —(3V (ps (T — n)) — GV - T
Conformal symmetry: (1=C0=0=0

Son (2007)



Two-fluid hydro for an expanding cloud

nsnanS

05 10 15 20 25 30 35
X

p = ps + pn (solid), p, (dashed), ps (dotted)
Gibbs-Duhem relation

dP = ndus + sdT' + %ﬂbalw2



Two-fluid hydro for an expanding cloud

Average fluid velocity v, (x,t).  Superfluid w,(x,t) = v} (z,t) — vi(x,t)

Superfluid W = v — ¥° can be computed perturbatively.



Two-fluid hydro analysis of expanding cloud
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Fits for n(T < T):
1. — T]

Agr in low T regime.

Small 1 corresponds to large Ag. 1 =~ 19 €XP [—2 T



3. Linear Response: Sound attenuation

s——— Endcaps
Laser cyIinder\

Cylindrical box, response to small harmonic drive.

Patel et al., Science (2021), Schaefer, Science (2021)



Sound attenuation (MIT)

Spectral response pi(w). Sound diffusivity Dg(T)
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Heat propagation above and below 7.

t=0ms t 26ms

901

MIT: Thermography and second sound
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Linear Response (NC State)
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Baird et al., PRL 2019; Wang et al, PRL 2022.
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y(um)

Flow in (very) small systems

S. Brandstetter et al., Nature (2025)
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Flow in (very) small systems

S. Brandstetter et al., Nature (2025)
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4. Qutlook: External fields, OTOCs, etc.

Can realize response to Ag(x,t), as well as spatial /time variation of

scattering length

Hl — wTon(ﬂ?,t), H, — CO(:E7t)(¢T¢)2

We would like to realize non-trivial metric perturbations

oy,
A

We would also like to realize out-of-time-order correlators
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Pegahan et al., PRL 2021.



