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Fluids: Gases, liquids, plasmas, . . .

Hydrodynamics: Long-wavelength, low-frequency

dynamics of conserved or spontaneously broken sym-

metry variables.

τ ∼ τmicro τ ∼ λ

Historically: Water

(ρ, ǫ, ~π)



Simple non-relativistic fluid

Simple fluid: Conservation laws for mass, energy, momentum

∂ρ

∂t
+ ~∇(ρ~v) = 0

∂ǫ

∂t
+ ~∇~ ǫ = 0

∂

∂t
(ρvi) +

∂

∂xj
Πij = 0

Constitutive relations: Energy momentum tensor

Πij = Pδij + ρvivj + η

(

∂ivj + ∂jvi −
2

3
δij∂kvk

)

+O(∂2)

reactive dissipative 2nd order

Expansion Π0
ij ≫ δΠ1

ij ≫ δΠ2
ij



Regime of applicability

Expansion parameter Re
−1 =

η(∂v)

ρv2
=

η

ρLv
≪ 1

Re
−1 =

η

~n
× ~

mvL
fluid flow

property property

Consider mvL ∼ ~: Hydrodynamics requires η/(~n) < 1

Kinetic theory estimate: η ∼ nplmfp

Re
−1 =

v

cs
Kn = Ma · Kn Kn =

lmfp

L

expansion parameter Kn ≪ 1



Shear viscosity

Viscosity determines shear stress (“friction”) in fluid flow

F = A η
∂vx

∂y

Kinetic theory: conserved quantities carried by quasi-particles

∂fp

∂t
+ ~v · ~∇xfp + ~F · ~∇pfp = C[fp]

η ∼ 1

3
n p̄ lmfp

Dilute, weakly interacting gas: lmfp ∼ 1/(nσ)

η ∼ 1

3

p̄

σ
independent of density!



Shear viscosity

non-interacting gas (σ → 0): η → ∞

non-interacting and hydro limit (T → ∞) limit do not commute

strongly interacting gas:
η

n
∼ p̄lmfp ≥ ~

but: kinetic theory not reliable!

what happens if the gas condenses into a liquid?
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Eyring, Frenkel:

η ≃ hn exp(E/T ) ≥ hn



And now for something completely different . . .



Gauge theory at strong coupling: Holographic duality

The AdS/CFT duality relates

large Nc (conformal) gauge

theory in 4 dimensions
⇔

string theory on 5 dimensional

Anti-de Sitter space ×S5

correlation fcts of gauge

invariant operators
⇔ boundary correlation fcts

of AdS fields

〈exp

∫

dx φ0O〉 =

Zstring[φ(∂AdS) = φ0]

The correspondence is simplest at strong coupling g2Nc

strongly coupled gauge theory ⇔ classical string theory



Holographic duals at finite temperature

Thermal (conformal) field theory ≡ AdS5 black hole

CFT temperature ⇔ Hawking temperature of

black hole

CFT entropy ⇔ Hawking-Bekenstein entropy

∼ area of event horizon

s

λ = g N2

weak coupling 

strong coupling

s(λ→ ∞) =
π2

2
N2

c T
3 =

3

4
s(λ = 0)

Gubser and Klebanov



Holographic duals: Transport properties

Thermal (conformal) field theory ≡ AdS5 black hole

Tµν =
1√−g

δS

δgµν
gµν = g0

µν + γµν

CFT entropy ⇔ Hawking-Bekenstein entropy

∼ area of event horizon

shear viscosity ⇔ Graviton absorption cross section

∼ area of event horizon



Holographic duals: Transport properties

Thermal (conformal) field theory ≡ AdS5 black hole

CFT entropy ⇔ Hawking-Bekenstein entropy

∼ area of event horizon

shear viscosity ⇔ Graviton absorption cross section

∼ area of event horizon

Strong coupling limit

η

s
=

~

4πkB

Son and Starinets (2001)

0

h̄

4πkB

η

s

g2Nc

Strong coupling limit universal? Provides lower bound for all theories?



Comment: Why η? Why s? Why η/s?

Everything is a fluid.

(Hydrodynamics is a general theory of long time behavior.)

At leading order, only need equation of state. But: EOS does not

discriminate weakly and strongly interacting fluids.

Every fluid has at least Tij .

η is the most basic transport coefficient.

s is the most basic density.

η/s is the most universal measure of dissipation.



Viscosity bound: Common fluids

1 10 100 1000
T, K

0

50

100

150

200

Helium 0.1MPa
Nitrogen 10MPa
Water 100MPa

Viscosity bound

4π η
sh



Kinetics vs no-kinetics
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Kinetics vs no-kinetics

Spectral function ρ(ω) = ImGR(ω, 0) associated with Txy

ω

1
s

ρxyxy(ω)
2ω

∼ 1/g4

∼ 1

∼ g2

∼ 1

∼ (ω/T )3
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weak coupling QCD strong coupling AdS/CFT

transport peak vs no transport peak



Perfect Fluids: How to be a contender?

Bound is quantum mechanical

need quantum fluids

Bound is incompatible with weak coupling and kinetic theory

strong interactions, no quasi-particles

Model system has conformal invariance (essential?)

(Almost) scale invariant systems



Perfect Fluids: The contenders

QGP (T=180 MeV)

Trapped Atoms

(T=0.1 neV)

Liquid Helium

(T=0.1 meV)



Perfect Fluids: The contenders

QGP η = 5 · 1011
Pa · s

Trapped Atoms

η = 1.7 · 10−15
Pa · s

Liquid Helium

η = 1.7 · 10−6
Pa · s

Consider ratios

η/s



Dilute Fermi gas: BCS-BEC crossover



Unitarity limit

Consider simple square well potential

a < 0 a = ∞, ǫB = 0 a > 0, ǫB > 0



Unitarity limit

Now take the range to zero, keeping ǫB ≃ 0

Universal relations

T =
1

ik + 1/a
ǫB =

1

2ma2
ψB ∼ 1√

ar
exp(−r/a)



Feshbach resonances

Atomic gas with two spin states: “↑” and “↓”

open

closed

V

r

Feshbach resonance a(B) = a0

(

1 +
∆

B −B0

)

“Unitarity” limit a→ ∞ σ =
4π

k2



Universality

Neutron Matter Feshbach Resonance in 6Li

What do these systems have in

common?

dilute: rρ1/3 ≪ 1

strongly correlated: aρ1/3 ≫ 1

a

r

k−1
F



Universality: Many body physics

Free fermi gas at zero temperature

E

N
=

3

5

k2
F

2m

N

V
=

k3
F

3π2

Consider unitarity limit (a→ ∞, r → 0)

E

N
= ξ

3

5

k2
F

2m
kF ≡ (3π2N/V )1/3

Prize problem (Bertsch, 1998): Determine ξ



Equation of state, pairing

Fermi gas at non-zero temperature

P (µ, T ) = P0(µ, T )f
(µ

T

)

P0(µ, T ) = − kBT

λ3
deB

f5/2

(

(−eµ/(kBT )
)

Universal function f(z)

Pairing: 〈ψ↓ψ↑〉 6= 0

∆ = αµ kBTc = βµ

Universal coefficients α, β

Scale invariant system with conserved charge: Tc ∼ µ



Dilute Fermi gas: field theory

Non-relativistic fermions at low momentum

Leff = ψ†
(

i∂0 +
∇2

2M

)

ψ − C0

2
(ψ†ψ)2

Unitary limit: a→ ∞, σ → 4π/k2 (C0 → ∞)

This limit is smooth: HS-trafo, Ψ = (ψ↑, ψ
†
↓)

L = Ψ†

[

i∂0 + σ3

~∇2

2m

]

Ψ +
(

Ψ†σ+Ψφ+ h.c.
)

− 1

C0
φ∗φ ,

Low T (T < Tc ∼ µ): Pairing and superfluidity



Many body methods

Large N: ψα → ψA
α (A = 1, . . . , N)

ξ = 0.59 +O(1/N)

Bruckner theory (ladder diagrams, hole line expansion)

ξ = 0.24 +O(1/d)

Epsilon expansion: d = 4 − ǫ (d = 4 non-interacting Bose gas)

� � �

O(1) O(1) O(ǫ)

ξ =
1

2
ǫ3/2 +

1

16
ǫ5/2 ln ǫ

− 0.0246 ǫ5/2 + . . .

ξ(ǫ=1) = 0.475



Green function MC
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N

0
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E
/E

F
G

E = 0.44 N E
FG

Pairing gap (∆) = 0.9 E
FG

odd N

even N

ξ = 0.40-0.44 (Carlson et al.)



Experiment: Equation of state

Harmonic trap: ξ determined by

cloud size (Virial theorem)

〈E〉 =
3

2
mω2

x〈x2〉
ξ = 0.38(2) (Luo, Thomas)

Harmonic trap: f(z) determined

by twice integrated column den-

sity (Gibbs-Duhem)

P (µ(x), T ) =
mω2

⊥

π
ñ(x)

Nascimbene et al, Science (2010).
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RF spectroscopy

Γ(ω) ∼ Im

∫

dt d3x eiωt〈ψ†
1ψ3(x, t)ψ

†
3ψ1〉
� Schirotzek et al.(2008)

T/TF

0.01,0.06,0.14

0.16,0.18,0.30

Zwerger et al. (2010)



The Fermi gas in equilibrium: where are we?

Thermodynamics well under control (numerically and

experimentally)

Theoretical approaches (BCS/BEC crossover, T-

matrix, ERG, . . .) “work”

Evidence for quasi-particles at large q and T


